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Abstract
Several recent works suggested the possibility of describing inflation by means of a
renormalization group equation. In this paper we discuss the application of these
methods to models of quintessence. In this framework a period of exponential ex-
pansion corresponds to the slow evolution of the scalar field in the neighborhood
of a fixed point. A minimal set of universality classes for models of quintessence
is defined and the transition from a matter dominated to quintessence dominated
universe is studied. Models in which quintessence is non-minimally coupled with
gravity are also discussed. We show that the formalism proves to be extremely con-
venient to describe quintessence and moreover we find that in most of the models
discussed in this work quintessence naturally takes over ordinary matter.
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1 Introduction.
According to present observations such as the mapping of cosmic microwave back-
ground (CMB) anisotropies performed by the Planck satellite [1], the standard
cosmological model (typically referred to as ΛCDM) supplemented with inflation
appears to be in remarkably good agreement with almost all data. In this model
the presently observed accelerated expansion of the Universe due to the presence of
Dark Energy (DE) is modeled by the introduction of a Cosmological Constant (CC),
typically denoted with Λ. The CC is thus playing the role of an energy species with
negative pressure pΛ = −ρΛ. The measured value of ρΛvac in reduced Planck units,
i.e. as a natural dimensionless value, is ' 10−122. The absence of theoretical rea-
sons to justify such an absurdly small value for ρΛ results in a so-called fine-tuning
problem. For this and other reasons (such as the coincidence problem), the case of
a CC is not completely satisfactory from a theoretical point of view.
Over the years several alternatives to the simplest scenario were proposed. One of the
simplest realizations of a dynamical DE is obtained by considering a minimally cou-
pled homogeneous scalar field φ which evolves in a given potential3. Such a scenario,
which was originally introduced in [3–7], is typically referred to as ‘quintessence’.
Among the other possibilities it is worth mentioning theories of modified gravity
3An homogeneous Universe with an effective CC is the late time attractor of the generic inho-
mogeneous case with an effective CC [2].
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such as f(R) theories [8, 9] and scalar-tensor theories4 where a scalar field has a
generalized coupling with gravity [14–22]. For a comprehensive review of models for
DE and modified gravity see for example [23].
It is known in the literature that in the case of minimally coupled DE models at-
tractor solutions may exist [3,24–26]. If an attractor exists5, the evolution of several
models corresponding to a wide set of different initial conditions converges towards
a unique asymptotic behavior. Interestingly this universality is not only achieved
during the late time evolution if the Universe is filled by a homogeneous scalar field,
but it is also present at early times during inflation6 [27–30]. Indeed, the presence
of universality is due to the fact that in these regimes the dynamics depends only
on few characteristic features of the potentials for the scalar fields that drive the
acceleration.
In the case of inflation an interesting explanation for this universality arises if we
consider the possibility of describing the evolution of the inflating Universe in terms
of a Renormalization Group (RG) equation. Such a description is based on the
application of the Hamilton-Jacobi formalism of Salopek and Bond [31] to describe
the cosmological evolution of a scalar field in its potential7. In this context inflation
is interpreted as the slow evolution of a system leaving a critical fixed point which
corresponds to the asymptotic de Sitter (dS) configuration. As a consequence it is
possible to use the Wilsonian picture of fixed points (exact dS solutions), scaling
regions (periods of accelerated expansion), and critical exponents (scaling exponents
of the spectra) to give a universal characterization of inflation [27, 28]. Indeed the
possibility of describing inflation as an RG flow is not fortuitous. In particular, by
performing an analytical continuation it is possible to map cosmological solutions
that asymptote to dS into domain-wall solutions that asymptote to Anti de Sitter
(AdS). An holographic description (using the AdS/CFT correspondence of Malda-
cena [33]) of inflation can thus be carried out. In this context inflation corresponds
to the RG flow of the dual (3-dimensional) quantum field theory (QFT) [34–39].
By analogy with the case of inflation, it seems reasonable to consider the possibil-
ity of describing the accelerated expansion due to DE as an RG flow towards an
attractive fixed point in the future. In particular, using the β-function formalism
developed for inflation to describe DE, we can easily identify the asymptotic behav-
ior associated with models that belong to different universality classes. Once the
4These theories are typically based on generalizations of the original Brans-Dicke theory [10].
The formulation of the most general scalar field theories with an action depending on derivatives
up to second order with second order equations of motion (recently rediscovered in [11,12]) is due
to Horndeski [13].
5The existence of attractors depends only on few characteristics of the potential.
6Nevertheless, it is crucial to stress that in the case of inflation we depart from the attractor
configuration while in the case of quintessence we approach this configuration.
7The Hamilton-Jacobi formalism to describe the evolution of a FRLW spatially flat universe
filled by a minimally coupled scalar field was independently introduced in [32].
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asymptotic behavior is specified, the transition from a matter dominated phase to a
phase where the evolution is dominated by quintessence can be studied. In particu-
lar, in this work we show that once the constraints set by present time observations
are imposed, this transition naturally occurs for a wide class of models.
In this paper we proceed as follows: In Sec. 2 we present the β-function formalism
for inflation introduced in [27] and we discuss its application to describe models
for quintessence. In particular we analyze the asymptotic behavior and in Sec. 2.1
we introduce a set of universality classes for models of quintessence. In Sec. 3 we
generalize the formalism in order to discuss the cosmological evolution of a Universe
that is filled by both matter and quintessence. In Sec. 4 we consider the possibility
of having a non-minimal coupling between quintessence and gravity and finally in
Sec. 5 we draw our conclusions.
2 The β-function formalism.
The action for a homogeneous scalar field φ(t) with potential V (φ) is:
S =
∫
d4x
√−g
[
m2p
R
2
− 1
2
gµν∂µφ∂νφ− V (φ)
]
, (2.1)
where m2p ≡ M2p/(8pi) = 1/(8piGN). In the case of a flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe with (−,+,+,+) signature:
ds2 = −dt2 + a2(t)dx2 , (2.2)
the only two independent Einstein equations can be expressed as:
H2 ≡
(
a˙
a
)2
=
ρφ
3m2p
, (2.3)
−2H˙ = pφ + ρφ
m2p
, (2.4)
where a dot is used to denote a derivative with respect to cosmic time and, according
to the definition of the energy-momentum tensor Tµν :
Tµν ≡ − 2√−g
δS
δgµν
= ∂µφ∂νφ− gµν
(
1
2
gαβ∂αφ∂βφ+ V (φ)
)
, (2.5)
we have defined:
ρφ ≡ φ˙
2
2
+ V (φ) , pφ ≡ φ˙
2
2
− V (φ) , (2.6)
as the energy density and the pressure associated with the scalar field φ. Notice
that as usual a phase of nearly exponential expansion (i.e. H nearly constant) is
3
realized if pφ ' −ρφ (i.e. if φ˙2  V (φ)).
By varying the action (2.1) with respect to φ, we obtain the equation of motion for
the scalar field, namely:
φ¨+ 3Hφ˙ = −dV
dφ
, (2.7)
which is equivalent to the continuity equation for the energy density:
ρ˙φ = −3H(pφ + ρφ) , (2.8)
that directly follows from the conservation law for the energy-momentum tensor
∇µTµν = 0.
Following the approach of Salopek and Bond [31], we proceed by assuming that the
evolution of the scalar field as a function of time is - at least - piecewise monotonic.
Under this assumption and by inverting the dependence φ(t) into t(φ), the field itself
provides a clock. Hence, in this framework the Hubble parameter may be regarded
as a function of φ and it is convenient to define:
H =
a˙
a
≡ −1
2
W (φ) . (2.9)
In terms of W , the equations for H and its time derivative can be expressed as
(using8 H˙ = −W,φφ˙/2):
3
4
m2pW
2(φ) = ρφ =
φ˙2
2
+ V (φ), (2.10)
−2m2pH˙ = m2pWφφ˙ = pφ + ρφ = φ˙2 . (2.11)
Notice that from Eq.(2.11) we immediately obtain φ˙ = m2pW,φ, implying that φ˙
can be expressed as a function of φ only. Substituting into Eq. (2.10) we can then
express the inflaton potential as:
2
V
m2p
=
3
2
W 2 −m2pW 2,φ . (2.12)
By analogy with a similar parametrization of the potential in the context of super-
symmetric quantum mechanics (see for example [40]) we are thus led to call the
function W (φ) superpotential. For completeness we express the pressure and the
energy density in terms of the superpotential as:
ρφ =
3
4
m2pW
2 , (2.13)
ρφ + pφ = m
4
pW
2
,φ . (2.14)
8We use the notation W,φ ≡ dW/dφ.
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At this point it is interesting to notice that defining (from now on, we set m2p = 1):
β(φ) ≡ dφ
d ln a
=
φ˙
H
= −2 W,φ
W
(2.15)
the cosmological evolution of the scalar field φ in its potential can be expressed in
terms of a renormalization group equation (RGE) where the φ plays the role of the
coupling constant g and the scale factor a plays the role of the renormalization scale
µ. In this framework fixed points then correspond to zeros of W,φ, which are also
extrema of the potential V (φ).
As discussed in [27, 28], by fixing a parameterization for β we specify the evolution
of the system (or equivalently the RG flow) in a neighborhood of a fixed point (i.e.
in a region where β(φ)  1). As a single asymptotic behavior can be reached (by
neglecting higher order terms) by several models, it is natural to regroup models
into a set of universality classes. For this reason, by specifying a parameterization
for the β-function we are not simply specifying a single model but rather a set of
theories sharing a scale invariant limit.
2.1 Universality for Quintessence.
In order to describe quintessence within the β-function formalism, we can start by
expressing the superpotential and the potential associated with a given parameter-
ization of the β-function:
W (φ) = W0 exp
{
−1
2
∫ φ
φ0
dφ′ β(φ′)
}
, (2.16)
V (φ) =
3
4
W 20 exp
{
−
∫ φ
φ0
dφ′ β(φ′)
}(
1− β
2(φ)
6
)
, (2.17)
where W0 and φ0 are respectively used to denote the value of the superpotential
and the value of φ at present time9. In order to reproduce a nearly-exponential
expansion we must satisfy the constraint:
pφ + ρφ
ρφ
=
4
3
W 2,φ
W 2
=
β2(φ)
3
→ 0 , (2.18)
as φ approaches the fixed point. Let us recall that the equation of state parameter
wφ associated with an energy species is defined as pφ ≡ wφρφ. As a consequence we
directly get:
1 + wφ =
pφ + ρφ
ρφ
=
β2(φ)
3
. (2.19)
9Notice that these expression (and most of the expressions shown in this section) are only
valid in the limit that the contribution of other fluids (matter, radiation, ...) to the evolution is
negligible. The generalization of these expressions to include the presence of other energy species
is discussed in Sec. 3.
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In the literature, the evolution of 1+wφ is commonly showed in terms of the redshift
z defined as 1+z = a0/a. Taking the logarithm of this definition and differentiating
we obtain dz/(1 + z) = −d ln a so that we get:
β(φ) =
dφ
d ln a
= −(1 + z)dφ
dz
→ ln(1 + z) = −
∫ φ
φ0
dφ′
β(φ′)
. (2.20)
Solving this equation for φ we can thus express wφ as a function of z.
In order to justify the small value of ρΛvac without tuning the parameters of the
model, we have to realize ρφ → 0 dynamically. Combining Eq. (2.16) and Eq. (2.13)
we can see that, as φ approaches the fixed point, this request translates into:
ρφ → 0 , ⇐⇒
∫ φ
φ0
dφ′ β(φ′)→ +∞ . (2.21)
As Eq. (2.18) imposes that approaching the fixed point β → 0 and Eq. (2.21) requires
its integral to be infinite, we conclude that (assuming β(φ) to be continuous) the
fixed point has to be reached for |φ| → ∞. For simplicity, we proceed by assuming
that the fixed point is approached for φ → +∞. Notice that combining Eq. (2.14)
with Eq. (2.15) we get:
dt = −2 dφ
β(φ)W (φ)
. (2.22)
As W = −2H < 0 and (as the fixed point is approached for φ → +∞) dφ > 0,
Eq. (2.22) implies that β(φ) > 0 and β,φ(φ) < 0.
At this point we can also impose:∫ φ
φ0
dφ′
β(φ′)
→ +∞ , (2.23)
i.e. we require that the fixed point of the β-function is reached in the infinite
future10. Any parametrization for β(φ) that is simultaneously satisfying the con-
straints set by Eq. (2.18), Eq. (2.21) and Eq. (2.23) is thus defining a cosmological
solution which can be suitable to describe quintessence.
10To be more accurate the fixed point is reached in the infinite future if:
t− t0 =
∫ φ
φ0
dφˆ
W,φˆ(φˆ)
= −2
∫ φ
φ0
dφˆ
β(φˆ)W (φˆ)
→∞ . (2.24)
As Eq. (2.21) implies W (φ) → 0, Eq. (2.24) sets a condition on β(φ) which is less stringent than
the condition set by Eq. (2.23). Indeed Eq. (2.23) is not only implying that the fixed point is
approached in the infinite future but it is also implying that the scale factor becomes infinitely
large approaching the fixed point.
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As we are interested in considering some explicit examples of the asymptotic expres-
sion for β(φ), we start by noticing that any function respecting:
lim
φ→∞
1
φ
. lim
φ→∞
β(φ) = 0 , (2.25)
is simultaneously satisfying the constraints set by Eq. (2.18), Eq. (2.21) and Eq. (2.23).
As a consequence we consider11:
• Inverse monomial class: β(φ) = β1/φ + o(1/φ) with β1 > 0. Using
Eq. (2.17) we can compute the asymptotic expression for V (φ):
V (φ) =
3
4
W 20
(
φ0
φ
)β1 (
1− β
2
1
6φ2
)
' 3
4
W 20
(
φ0
φ
)β1
+O
(
1
φβ1+2
)
. (2.27)
By defining the mass scale M ≡ (3W 20 φβ10 /4)1/(4+β1), the asymptotic expression
of the potential can thus be cast in the form:
V (φ) 'M4+β1φ−β1 , (2.28)
which corresponds to the Ratra-Peebles “tracking” potential discussed in [5,
7, 26].
• Inverse fractional class: β(φ) = βα/φα + o(1/φα) with 0 < α < 1 and
βα > 0. In this case, the potential reads:
V (φ) =
3
4
W 20 exp
{
−βαφ
1−α − φ1−α0
1− α
}(
1− β
2
α
6φ2α
)
. (2.29)
• Inverse logarithmic class: β(φ) = β0/(φ lnφ) + o(1/φ lnφ) with β0 > 0. In
this case, the potential is given by:
V (φ) =
3
4
W 20
(
lnφ0
lnφ
)β0
2
(
1− β
2
0
6φ2 ln2 φ
)
. (2.30)
• Asymptotic power-law: β(φ) = γ + f(φ) with γ > 0 and f(φ → ∞) → 0.
In order to be consistent with our requests (in particular with Eq. (2.18)), we
also have to impose12 γ  1. Notice that a strictly constant β-function is for-
bidden, since going back in time there is no exit from the phase of accelerated
11In the following we use f(x) = o(g(x)) to denote:
lim
x→∞ f(x)/g(x)→ 0 . (2.26)
This notation is similar to the so called “little-o notation” but we are not requiring limx→∞ g(x) 6=
0.
12As discussed in [27,28] this particular parametrization for β(φ) does not lead to an asymptotic
dS solution but rather to an asymptotic power-law solution and the holographic 3-dimensional
QFT is not a CFT.
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expansion13. The asymptotic expression for the potential is:
V (φ) ' V0e−γ(φ−φ0) . (2.31)
This family of exponential potentials has been discussed in [41–46]. It is also
interesting to notice that this expression for the β-function only requires weak
constraints on f(φ). In particular, since the presence of the small constant
term makes both the integrals of Eq. (2.21) and Eq. (2.23) divergent, we only
need f(φ)→ 0 approaching the fixed point. For example we can choose f(φ)
to be one of the functions discussed above14 or alternatively we can choose a
new parametrization for f(φ) (for example f(φ) = e−δφ with δ > 0).
We conclude this section by showing the asymptotic shapes of the potentials (Fig. 2.1)
and of the equation of state parameters (Fig. 2.2) associated with the different classes
presented in this section. As it is possible to see from Fig. 2.2, for all these models
we fix φ0 = φ|today and we impose that at z = 0 we are in agreement with cosmolog-
ical observations15 [1,47] (i.e. we set wφ0 = −0.98 that according to Eq. (2.19) also
implies β2(φ0) ' 0.06). Choosing different data sets, the value of wφ today might
be slightly different. However, as long as wφ > −1, this will not significantly change
the general behavior (i.e. we will still have wφ → −1 as φ → ∞) and thus it will
only marginal affect the analysis.
3 From a matter dominated to a quintessence dom-
inated Universe.
We now turn our attention to the transition phase, in which the contribution of the
other components of the universe must be taken into account. In the following we
consider a universe which is filled by the quintessence field φ and by a second fluid
i.e. matter. The total action of the system is then:
S =
∫
d4x
√−g
[
R
2
− 1
2
gµν∂µφ∂νφ− V (φ)
]
+ Sm , (3.1)
where Sm is the action describing the matter fluid. The usual definitions of energy
density and pressure for the scalar field (given in Eq. (2.6)) continue to hold. The
matter fluid is assumed to be dust-like matter, with energy density ρm and no
pressure (pm = 0). Assuming once again a flat FLRW universe (without curvature)
13This conclusion changes if (cold dark) matter is taken into account. For more details see Sec. 3
and Appendix A (in particular the case of a constant β-function is presented in Appendix A.3).
14In this case, using the same mechanism as described in [27], it is possible to interpolate between
the asymptotic power-law class and other classes presented in this section.
15The most stringent constraint on wφ set by the Planck collaboration [1, 47] is due to the
TT+TE+EE combination and reads w < −0.97 at 95%. In most of the models presented in this
work we use the value w ' −0.98.
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ϕ (mp)1. ×10 -122
2. ×10 -1223. ×10
-122
4. ×10 -1225. ×10
-122
6. ×10 -122
V(ϕ) (mp4) Scalar potentials (ρm=0)
β(ϕ)=β1 /ϕ, β1=1β(ϕ)=βα/ϕα, α=0.5 , βα=1β(ϕ)=β0 /(ϕ*log (ϕ)), β0=1β(ϕ)=γ+e-δϕ, γ=0.01 , δ=1
Figure 2.1: Profile of the quintessence potential V (φ) for the different classes. In this plot we have
fixed β1 = βα = β0 = 1, γ = 0.01 and δ = 1.
12345 -1 z
0.01
0.02
0.03
0.04
0.05
0.06
1+wϕEquation of state parameter (ρm=0)
β(ϕ)=β1 /ϕ, β1=1β(ϕ)=βα/ϕα,α=0.5 , βα=1β(ϕ)=β0 /(ϕ*log (ϕ)), β0=1β(ϕ)=γ+e-δϕ, γ=0.01 , δ=1
Figure 2.2: Evolution of the equation of state parameter wφ. Accordingly to the choice of Fig. 2.1,
we have fixed β1 = βα = β0 = 1, γ = 0.01 and δ = 1.
Einstein equations (2.3),(2.4) read:
3H2 = ρm + ρφ , (3.2)
−2H˙ = ρm + ρφ + pφ , (3.3)
As the two fluids are not directly coupled (i.e. they are only interacting through
gravity), the energy-momentum tensors are separately conserved. This can be seen
using the continuity equations for the energy densities of the two components:
ρ˙φ = −3H(ρφ + pφ) , (3.4)
ρ˙m = −3Hρm . (3.5)
As we will see in the following, Eq. (3.4) and Eq. (3.5) can be used in order to specify
the evolution of the energy densities of the two fluids.
As a first step, we use Eq. (3.2) and Eq. (3.3) to express:
2H˙ + 3H2 = −pφ = −1
2
φ˙2 + V (φ) . (3.6)
At this point, under the assumption of a piecewise monotonic evolution for φ, we
can invert the dependence φ(t) = t(φ) and we write all the quantities in terms of φ.
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Once again we define the superpotential W (φ) as in Eq. (2.9) i.e. W = −2H(φ).
As a consequence we have −2H˙ = W˙ = W,φφ˙, so that:
−W,φφ˙+ 3
4
W 2 = −1
2
φ˙2 + V (φ) . (3.7)
which can be algebraically solved for φ˙, showing that φ˙ can be expressed as a function
of φ only. We proceed by using Eq. (2.6) to express the potential in terms of ρφ and
φ˙ and using Eq. (3.2) to get:
V = ρφ − 1
2
φ˙2 = 3H2 − ρm − φ˙
2
2
, (3.8)
so that Eq. (3.7) can be expressed as:
W,φφ˙ = φ˙
2 + ρm . (3.9)
Notice that this clearly implies that ρm can be expressed as a function of φ only as
well.
We can now use the definition of β-function given in Eq. (2.15) i.e.:
β(φ) =
dφ
d ln a
= −2 φ˙
W
. (3.10)
to express Eq. (3.9) as:
W,φ = −2ρm
βW
− 1
2
βW . (3.11)
Finally, defining Y (φ) ≡ W 2(φ)/2, Eq. (3.11) can be expressed as:
βY,φ = −β2Y − 2ρm . (3.12)
At this point, it is also interesting to notice that using Eq. (3.11) (or alternatively
Eq. (3.12)) it is possible to express16 V (φ) and φ˙ as:
V (φ) =
3
4
W 2
(
1− β
2
6
)
− ρm , (3.13)
φ˙ = −βW
2
= W,φ +
2ρm
βW
. (3.14)
Notice that in order to obtain this parameterization for the potential, we have both
used Einstein equations (3.2), (3.3) and the continuity equations (3.4), (3.5). As a
consequence, this expression contains dynamical information on the evolution (for
example the matter energy density ρm is explicitly appearing).
Before proceeding with our treatment it is worth stressing two main differences with
respect to the case of a Universe which is only filled by quintessence:
16Notice that W is negative and thus
√
4ρ2m/(βW )
2 = −2ρm/(βW ).
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• In general, having β(φ)  1 does not ensure the occurrence of a phase of
accelerated expansion of the Universe! This can be seen by taking the ratio
between Eq. (3.3) and Eq. (3.2) which gives:
−2H˙
3H2
=
ρφ + pφ
ρφ + ρm
+
ρm
ρφ + ρm
=
β2(φ)
3
+
ρm/ρφ
1 + ρm/ρφ
, (3.15)
where we have also used the definition of β. This equation implies that a phase
of accelerated expansion is realized if ρm/ρφ  β2  1. In the following (in
particular see the discussion after Eq. (3.24)) we show that this condition is al-
ways realized for all the parameterizations of β(φ) which satisfy the conditions
of Eq. (2.18), Eq. (2.21) and Eq. (2.23).
• As ρm(φ) is explicitly appearing in Eq. (3.10), the β-function (and hence the
superpotential) is not only containing information on quintessence but it is also
taking matter into account17. Therefore, by fixing a parameterization for β(φ)
we are not simply specifying the flow of quintessence, but rather the flow of the
whole system (quintessence coupled to gravity to matter). As a consequence,
we only expect to reproduce the results of Sec. 2 in the limit ρm → 0 and
elsewhere we expect significant deviations from these results. This particular
feature will be distinctly visible from the profile of the potential (see Fig. 3.1).
We can now compute the explicit dependence of the matter and quintessence energy
densities ρm and ρφ on φ. This is done by turning the time derivatives of Eq. (3.4)
and Eq. (3.5) into derivatives with respect to φ:
ρ˙m = ρm,φφ˙ = −3Hρm =⇒ ρm,φ
ρm
= −3H
φ˙
= − 3
β(φ)
, (3.16)
ρ˙φ = ρφ,φφ˙ = −3H(1 + wφ)ρφ =⇒ ρφ,φ
ρφ
= −3(1 + wφ)
β(φ)
, (3.17)
where wφ is the equation of state parameter for quintessence (pφ ≡ wφρφ) introduced
in Sec. 2. Integrating these equations we obtain:
ρm(φ) = ρm0 exp
(
−3
∫ φ
φ0
dφ
β(φ)
)
, (3.18)
ρφ(φ) = ρφ0 exp
(
−3
∫ φ
φ0
1 + wφ
β(φ)
dφ
)
. (3.19)
The cosmological parameters Ωm,Ωφ are then defined as Ωi ≡ ρi/(3H2) = 2ρi(φ)/(3Y (φ)).
Substituting Eq. (3.18) into Eq. (3.12), we get a integro-differential equation for the
superpotential in terms of β. Notice that once the explicit parametrization for β(φ)
17In some sense this feature is similar to what happens in chameleon cosmology [48, 49], where
the potential quintessence potential is combined with the coupling to matter in order to define an
effective potential Veff(φ).
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is fixed, the evolution is completely specified. We can also express the equation of
state parameter wφ as a function of φ. For this purpose we start from the definition
of wφ:
1 + wφ =
pφ + ρφ
ρφ
=
φ˙2
3W 2/4− ρm =
β2
3
(
1− 4ρm
3W 2
)−1
, (3.20)
where in the last equality we used β = −2φ˙/W . Finally we get:
1 + wφ =
β2
3
[
1− 2ρm0
3Y (φ)
exp
(
−3
∫ φ
φ0
dφ′
β(φ′)
)]−1
. (3.21)
Again, once the β-function is specified, Eq. (2.20) can be used to compute the value
of φ that correspond to a given value for z so that:
1 + wφ =
β˜2
3
(
1− 2ρm0
3Y˜
(1 + z)3
)−1
, (3.22)
where we have defined β˜(z) ≡ β(φ(z)) and Y˜ (z) ≡ Y (φ(z)) .
In order to set the initial conditions for Eq. (3.12) we fix φ0 = φ|today and we use
the present values [1, 47] wφ0 . −0.98 and Ωm0 ' 0.3175 so that:
Y0 = 2H
2
0 , H0 ' 1.18× 10−61 (in Planck units)
ρm0 = 3H
2
0 Ωm,0 = 0.9525H
2
0 ,
1 + wφ|φ0 =
β2(φ0)/3
1− 2ρm0/(3Y0) =
β2(φ0)/3
1− ρm0/(3H20 )
= 0.02 , (3.23)
where we have defined Y0 ≡ Y (φ0). Hence we get:
β2(φ0) ' 0.04095 . (3.24)
As ρm0 < ρφ0 and wφ0 < 0, Eq. (3.16) and Eq. (3.17) imply that ρm decrease faster
than ρφ. As a consequence for φ > φ0 we can safely approximate 1 +wφ ' β2/3 and
(taking the ratio between Eq. (3.18) and Eq. (3.19)) the condition ρm/ρφ  β2  1
simply reads:
ρm(φ)
ρφ(φ)
' ρm0
ρφ0
exp
(
−3
∫ φ
φ0
dφ
β(φ)
)
 β2(φ) 1 , (3.25)
which is obviously satisfied by all the parameterizations of β(φ) which satisfy the
conditions of Eq. (2.18) Eq. (2.21) and Eq. (2.23). In particular it is satisfied by all
the parameterizations18 introduced in Sec. 2.1.
18Moreover, as matter naturally provides a mechanism to exit from the phase of accelerated
expansion, a strictly constant β-function is allowed in this framework! The predictions for this
case (referred to as power-law class, in contrast with the case presented in Sec. 2.1) are shown in
Appendix A (in particular see Sec. A.3).
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Figure 3.1: Quintessence potential for models of the inverse monomial class considering different
values of β1.
ϕ0ϕNP 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Cosmological parametersβ(ϕ)=β1 /ϕ, β1=0.1
ϕNP ϕ02 3 4 6 7 8 9 10 ϕ
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Cosmological parametersβ(ϕ)=β1 /ϕ, β1=1
Ωm (ϕ)Ωϕ(ϕ)β(ϕ)Ωm+Ωϕ
Figure 3.2: Evolution of the cosmological parameters for the inverse monomial class with β1 = 0.1
(left) and β1 = 1 (right).
To conclude this section we focus our discussion on one of the classes presented
in Sec. 2, namely the inverse monomial class (the analysis for the other classes
is presented in Appendix A) for which the expansion of the β-function near the
fixed point is given by β(φ) ' β1/φ. In the plot of Fig. 3.1 we show the shape
of the potential for some values of the parameter β1. In particular it is possible
to notice that for models with β1 > O(10−1), the potential exhibits a transition
(at φ ' φ0) that corresponds to the transition from the matter-dominated epoch
to the quintessence-dominated epoch. During the latter, the effects induced by
matter are negligible and V (φ) reduces to the inverse monomial potential shown in
Eq. (2.27). Whether this transition is present or not has important consequences
on the evolution of the cosmological parameters Ωm,Ωφ. In Fig. 3.2, we show the
evolution of Ωm and Ωφ for two different values of β1. In the case with β1 = 0.1, we
are not able to see a phase of matter dominance (i.e. Ωm ' 1 and Ωφ ' 0) before
having β(φ) ' 1, where the asymptotic expansion for β(φ) ceases to be valid. Notice
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Figure 3.3: Evolution of the equation of state parameter for the models of the inverse monomial
class considering different values of β1.
that this model clearly exhibits a transition from matter to quintessence domination
at φ ' φ0 for β1 > 0.1. Finally in Fig. 3.3 we show the evolution of the equation of
state parameter as a function of redshift z for the models of Fig. 3.1. Notice that
in order to respect cosmological observations, all models meet at 1 + wφ = 0.02 at
present time (z = 0).
4 Non-minimal coupling.
In this Section we discuss the possibility of having a non-minimal coupling Ω(φ)
between quintessence and gravity. Let us assume that the action in the Jordan
frame is:
SJ =
∫
d4x
√
−g˜
[
Ω(φ)
2
R˜− 1
2
g˜µν∂µφ∂νφ− VJ(φ)
]
+ S˜mJ , (4.1)
where S˜mJ denotes the action for matter in the Jordan frame. We assume that the
matter action in the Jordan frame S˜mJ does not depend on φ. We can start by
performing a conformal transformation of the metric:
g˜µν → gµν = Ω(φ)g˜µν , (4.2)
to bring the action of Eq. (4.1) in the Einstein frame, where gravity is described by
a standard Einstein-Hilbert term:
SE =
∫
d4x
√−g
[
R
2
−
(
Ω−1 +
3
2
(
d ln Ω
dφ
)2)
1
2
gµν∂µφ∂νφ− V (φ)
]
+ S˜mE ,
(4.3)
where V (φ) ≡ VJ(φ)/Ω2(φ). Notice that as the metric was redefined according to
Eq. (4.2), the action for matter in the Einstein frame depends on φ! As a conse-
quence matter and quintessence are now coupled and thus the energy-momentum
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tensors are not independently conserved.
At this point it is useful to define a new field ϕ as:(
dϕ
dφ
)2
= Ω−1 +
3
2
(
d ln Ω
dφ
)2
, (4.4)
so that kinetic term for quintessence is cast in the canonical form:
SE =
∫
d4x
√−g
[
R
2
− 1
2
gµν∂µϕ∂νϕ− V¯ (ϕ)
]
+ SmE , (4.5)
where we have defined V¯ (ϕ) ≡ V (φ(ϕ)) and the matter action SmE is now depend-
ing explicitly on ϕ.
Assuming that the Einstein frame metric gµν is a flat FLRW
19
ds2E = −dt2 + a2(t)dx2 , (4.6)
that both quintessence and matter are homogeneous and that matter is dust-like
(pm = 0) we get:
3H2 = ρm + ρϕ , (4.7)
−2H˙ = ρm + ρϕ + pϕ , (4.8)
where pϕ and ρϕ are respectively the pressure and the energy densities associated
with ϕ i.e.:
ρϕ =
ϕ˙2
2
+ V¯ (ϕ) , pϕ =
ϕ˙2
2
− V¯ (ϕ) , (4.9)
and ρm is the matter energy density. At this point we can use Eq. (4.7), Eq. (4.8)
and Eq. (4.9) to express:
3H2 + 2H˙ = −pϕ = − ϕ˙
2
2
+ V , (4.10)
As this equation is equal to the one obtained in the case of minimal coupling
(Eq. (3.6)) we can directly follow the treatment of Sec. 3. In particular, after the
introduction of the superpotential, the expressions for ϕ˙, V¯ and β(ϕ) are the same
as in the minimally coupled case. Moreover, the equation that relates W and β
simply reads:
W,ϕ = −2ρm
βW
− 1
2
βW, ⇐⇒ βY,ϕ = −2ρm − β2Y . (4.11)
19Although we are not interested in describing the system in the Jordan frame, we should note
that (as discussed in [22]) through a redefinition of the time coordinate and of the scale factor, it
is possible to work with a FLRW metric both in the Jordan and Einstein frame. More details on
this point are given in Appendix B.
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Notice that this equation has exactly the same form of Eq. (3.12). However, it is
crucial to stress that as in this case the two fluids are coupled, the evolution of ρm
and ρϕ (which is set by the continuity equations) is different! In particular, in order
to fix the evolution of the two energy species we need to specify the characteristics
of the matter action S˜mJ .
In the following we focus on the case in which matter is described by a homogeneous
field (assumed to be scalar). In particular we assume that in the Jordan frame the
action S˜mJ is given by:
S˜mJ =
∫
d4x
√
−g˜
[
−1
2
g˜µν∂µψ∂νψ − U(ψ)
]
, (4.12)
As a consequence it is easy to show that
S˜mE =
∫
d4x
√−g
[
−g
µν∂µψ∂νψ
2Ω(φ)
− U(ψ)
Ω2(φ)
]
, (4.13)
SmE =
∫
d4x
√−g
[
−g
µν∂µψ∂νψ
2Ψ(ϕ)
− U(ψ)
Ψ2(ϕ)
]
, (4.14)
where we have defined Ψ(ϕ) ≡ Ω(φ(ϕ)). At this point we can express the energy
density and pressure associated with ψ in the Einstein frame:
ρm =
ψ˙2
2Ψ(ϕ)
+
U(ψ)
Ψ2(ϕ)
, (4.15)
pm =
ψ˙2
2Ψ(ϕ)
− U(ψ)
Ψ2(ϕ)
. (4.16)
As already explained in this section, since the fluids are coupled, the energy-momentum
tensors are not conserved independently. As a consequence, in order to get the con-
tinuity equations, we should start by computing the equations of motion for the two
scalar fields:
ϕ¨ = −3Hϕ˙− V¯,ϕ(ϕ)− Ψ,ϕ
2Ψ2
ψ˙2 +
2Ψ,ϕ
Ψ3
U(ψ), (4.17)
ψ¨ = −3Hψ˙ + Ψ˙
Ψ
ψ˙ − U,ψ(ψ)
Ψ
. (4.18)
Using the assumption of dust-like matter (pm = 0) we easily get:
ρm =
2U(ψ)
Ψ2
=
ψ˙2
Ψ(ϕ)
, (4.19)
so that differentiating the energy densities for ϕ and ψ (given by Eq. (4.9) and
Eq. (4.19)) with respect to time, we obtain the continuity equations:
ρ˙ϕ = −3H(ρϕ + pϕ) + 1
2
d ln Ψ(ϕ)
dt
ρm , (4.20)
ρ˙m = −
(
3H +
1
2
d ln Ψ(ϕ)
dt
)
ρm . (4.21)
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As expected the two fluids are coupled and in particular this coupling is proportional
to the factor (d ln Ψ/dt)ρm/2.
It is crucial to stress that in this case the dependence of ρm on ϕ is different from
the case of minimal coupling! In fact we have:
ρm(ϕ) =
(
Ψ0
Ψ(ϕ)
)1/2
ρm0 exp
(
−3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
)
. (4.22)
The equation-of-state parameter wϕ is thus given by:
1 + wϕ = β
2(ϕ)Y (ϕ)
[
3Y (ϕ)− 2ρm0
(
Ψ0
Ψ(ϕ)
)1/2
exp
(
−3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
)]−1
. (4.23)
While the initial conditions (which are set at ϕ0 = ϕtoday) remain unchanged:
Y (ϕ0) = 2H
2
0 ,
ρm0 ' 0.9525H20 ,
β2(ϕ0) = 0.04095 , (4.24)
in order to completely specify the evolution we need to fix an explicit parametrization
for β(ϕ) and for the non-minimal coupling Ψ(ϕ).
4.1 Attractors at strong coupling.
Interestingly, in some particular cases even if a non-minimal coupling is present,
the evolution is still completely specified by β(ϕ). For example such a scheme is
realized in presence of an attractor. In the context of inflation several models that
give rise to attractors are known. In particular it is worth mentioning the class of
models defined by Kallosh and Linde in [50–52] and subsequently generalized by
Kallosh, Linde and Roest in [53,54], which lead to the appearance of the well known
“α-attractors”. Another interesting class of models has been recently proposed by
Linde, Kallosh and Roest [55] and it leads to the appearance of the so-called attrac-
tor at strong coupling. While the analysis of these models in terms of the β-function
formalism for inflation was carried out in [29], in the following we show that a similar
parametrization can be used to define a class of models for quintessence.
Let us start by expressing the non-minimal coupling Ω(φ) as [55]:
Ω(φ) = 1 + ξf(φ) , Ψ(ϕ) = 1 + ξf(φ(ϕ)) ≡ 1 + ξf¯(ϕ) . (4.25)
where f(φ) is a general function of φ. In this way, we have(
dϕ
dφ
)2
= F (φ) =
1 + ξf(φ) + 3ξ2f 2,φ(φ)/2
(1 + ξf(φ))2
. (4.26)
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In the limit of ξf(φ) 1, Eq. (4.26) can be approximated [29,55] as:(
dϕ
dφ
)2
= F (φ) = Ω−1(φ) +
3
2
(
d ln Ω
dφ
)2
' 3
2
(
Ω,φ
Ω
)2
' 3
2
(
f,φ
f
)2
, (4.27)
by taking the square root of this equation20 and integrating we directly get:
f¯(ϕ) ≡ f(φ(ϕ)) = f¯0 exp
[
−
√
2/3(ϕ− ϕ0)
]
. (4.29)
Remarkably, for ξ  1 the expression of f¯(ϕ) does not depend on the particular
choice of f(φ). As a consequence we do not need to specify the parameterization of
Ψ(ϕ) and the evolution is completely specified by the β-function! For example in
the case of the attractor at strong coupling [55], by fixing the Jordan frame potential
to be21:
VJ(φ) = λ
2f 2(φ) , (4.30)
it is possible to show [29] that independently on the explicit parametrization for
f(φ) we have:
β¯(ϕ) = β(φ(ϕ)) = exp
[
−
√
2/3(ϕ− ϕ0)
]
. (4.31)
While this model is extremely interesting in the context of inflationary model build-
ing, in order to describe models of quintessence we have to consider different param-
eterizations for β(ϕ). In particular we have to consider parameterizations of β(ϕ)
that respect the conditions set by Eq. (2.18), Eq. (2.21) and Eq. (2.23) (such as the
classes introduced in Sec. 2). Before specifying an explicit expression for β(ϕ) we
can compute (substituting Eq. (4.29) into Eq. (4.22)):
ρm(ϕ) = ρm0 exp
(
ϕ− ϕ0√
6
− 3
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
)
, (4.32)
and, for completeness, we also give the expression for Y = W 2/2:
Y (ϕ) = 2 exp
(
−
∫ ϕ
ϕ0
β(ϕ′)dϕ′
){
H20 − ρm0
∫ ϕ
ϕ0
dϕ′
β(ϕ′)
×
exp
[
ϕ′ − ϕ0√
6
+
∫ ϕ′
ϕ0
(
− 3
β(ϕ′′)
+ β(ϕ′′)
)
dϕ′′
]}
, (4.33)
20This equation has two solutions, which correspond to whether the fixed point is reached at
+∞ or −∞. Assuming that the fixed point is reached at φ→ +∞, we should set:√
3
2
f,φ
f
= −dϕ
dφ
. (4.28)
21This parametrization for VJ(φ) is motivated by the possibility of defining a natural embedding
of these models in supergravity [56].
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where we used the initial condition Y0 = 2H
2
0 .
To conclude this section we consider an explicit parametrization for the β-function
(in terms of ϕ) and we show the predictions for the quintessence potential, the equa-
tion of state parameter and for the evolution of the energy densities of matter and
quintessence. Again we consider the case of the inverse monomial class22 introduced
in Sec. 2 for which the expansion of the β-function near the fixed point is given by
β(ϕ) ' β1/ϕ.
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Figure 4.1: Profile of the quintessence potential for models of the inverse monomial class considering
different values of β1.
As it is possible to see from Fig. 4.1, for β1 > 0.1 the quintessence potential shows
again a transition (similar to the one shown in Fig. 3.1). Notice however, that in the
matter dominated phase the value of V (φ) is larger than in the minimally coupled
case (see Fig. 3.1). Indeed, this feature affects the evolution of the cosmological
parameters23 shown in Fig. 4.2. As expected we have quintessence dominance for
ϕ > ϕ0 and matter dominated epoch is correctly reached for ϕNP < ϕ < ϕ0.
However, the maximum value of Ωm in this case is slightly smaller than in the
minimally coupled case (see Fig. 3.2). This is probably due to the larger value of
the quintessence potential in this regime. Finally, in Fig. 4.3, we show the evolution
of the equation-of-state parameter versus the redshift. Generally, the value of 1+wφ
is smoother than in the minimally coupled case24 (showed in Fig. 3.3). Nevertheless,
all the curves correctly tend to zero in the infinite future.
22The results for the other classes introduced in Sec. 2 are not shown in this work. However,
similarly to the case of the inverse monomial class, the introduction of a non-minimal coupling
between quintessence and gravity does not significantly affect the results shown in Appendix A.
23In this plot we are only presenting the evolution for the case β1 = 1. The other models show
a similar behavior except for the case with β1 = 0.1 where the matter-dominated phase is not
reproduced.
24This suggest that the evolution of a non-minimally coupled quintessence fluid is smoother. As
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Figure 4.2: Evolution of the energy densities for β1 = 1.
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Figure 4.3: Evolution of the equation of state parameter for some models of the inverse monomial
class with non-minimal coupling (on the left) and comparison between a minimally coupled and a
non-minimally coupled model with β1 = 1 (on the right).
5 Conclusions.
During the next decade, with the new generation of galaxy surveys (such as Eu-
clid and LSST) we expect to be able to accurately measure the acceleration of the
Universe. These observations offer an extremely powerful method to probe modi-
fications of general relativity on cosmological scales and thus they may help us to
shed some light on the nature of DE. As a consequence it is crucial to study all
the possible landscapes and moreover it is useful to define a method to set a direct
connection between theory and observations.
The β-function formalism provides a powerful tool for studying various cosmological
landscapes. In this work we have discussed its application to the case of quintessence.
After the definition of a minimal set of universality classes for models of quintessence
(in Sec. 2.1), we have studied the cosmological evolution of a Universe that is both
filled by matter and quintessence. In particular we have shown (in Sec. 3) that once
a consequence this may give a further hint to explains why Ωm does not reach the value of 1 in
Fig. 4.2 before the breaking of the perturbative regime.
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the initial conditions (given by present time observations) are set, the transition
from a phase of matter domination to a phase dominated by quintessence naturally
occurs in most of the classes. Moreover, we have shown (in Sec. 4) that this behav-
ior does not change significantly if quintessence is non-minimally coupled to gravity.
Interestingly, we find the evolution of the equation of state parameter appears to be
smoother if quintessence is non-minimally coupled to gravity. This feature can help
in distinguishing between these two scenarios.
In terms of the β-function formalism we have a powerful bottom-up method to con-
struct new models for quintessence. We have shown this framework can be naturally
extended in order to describe more realistic situations where other components (such
as matter) affect the evolution of the universe. Moreover, as β is not only control-
ling the evolution of quintessence but rather the evolution of the whole system, it
defines a particularly convenient framework to describe the late time evolution of
our Universe.
The discussion presented in this paper was carried out following a phenomenolog-
ical approach. However, theoretical argument to support the introduction of this
formalism arise if we consider an holographic description of cosmology. In particu-
lar, following the procedure described in [28, 34, 35], the AdS/CFT correspondence
of Maldacena [33] can be applied to cosmology and the approaching of a (A)dS
configuration (which in the case of quintessence is realized in the infinite future)
corresponds to the approaching of conformal invariance for the dual (pseudo-)QTF.
In this framework it is possible to carry out an holographic analysis of the RG flow
induced by the different universality classes. This discussion may help to shed some
light on the possibility of defining a consistent embedding of these models in some
high energy theory.
While the generalization of the formalism to models with non-standard kinetic terms
is carried out in [30], generalizations to multi-fields models25, to models with a non-
minimally kinetic coupling between the quintessence and gravity (as in the case
of Horndeski theories [11–13]), and to models of modified gravity are still lacking.
These possibility offer interesting prospects for future works.
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A Other cases.
In this appendix, we discuss some other parametrization of the β-function among
those presented in Sec. 2.1. The plots shown in this section only refer to the min-
imally coupled case. However, it is possible to show that the introduction of a
non-minimal coupling between quintessence and gravity is not significantly affecting
these results.
A.1 Inverse fractional class.
The expansion of the β-function for this class reads β(φ) = βα/φ
α + o(1/φα) with
0 < α < 1. In Fig. A.1 we show the shape of the quintessence potential for dif-
ferent values of α and βα. While the value of α does not significantly affects the
shape of V (φ), it strongly affects its amplitude. Moreover, we see that in general for
βα > 0.2 the matter-quintessence transition in V (φ) appears to be sharper. How-
ever, we should stress that some of the models presented in Fig. A.1 predict a value
of V  1 (in natural units) before the breaking of the perturbative regime (which
occurs at φ = φNP )! Clearly these models must be rejected as they lead to absurd
predictions.
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Figure A.1: Evolution of the quintessence potential in the inverse fractional class for different
choices of α and βα.
Setting α = 0.5, in Fig. A.2 we show the evolution of the matter and quintessence
normalized energy densities in terms of φ for two choices of βα. Similarly to what
we have found for the inverse monomial class discussed in Section 3, in the case
βα = 0.1 we do not have Ωm ' 1 (i.e. a matter-dominated phase) for φ < φ0 before
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the scalar field drops down to the critical value φNP. As a consequence, this model
cannot be used to successfully describe quintessence.
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Figure A.2: Evolution of the cosmological parameters in the inverse fractional class with α = 0.5
for βα = 0.1 (left) and βα = 1 (right).
In Fig. A.3 we plot wφ in terms of the redshift z for α = 0.5: we notice that, for
models with βα ≥ 0.5, the evolution of wφ does not significantly change.
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Figure A.3: Evolution of the equation of state parameter wφ versus the redshift z in the inverse
fractional class with α = 0.5 and different values of βα.
A.2 Inverse logarithmic class.
In this class the β-function is given by β(φ) = β0/(φ log φ) + o(1/φ log φ). The
quintessence potential is reported in Fig. A.4 for different values of β0. Even in this
case, a transition in V at φ ≈ φ0 can be clearly appreciated only for values of β0
greater than 0.1.
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Figure A.4: Evolution of the quintessence potential for the inverse logarithmic class for different
values of β0.
In Fig. A.5 we show the evolution of the normalized energy densities for the two
cases β0 = 0.1 and β0 = 1. Consistently with the results shown in Fig. A.4, the
matter-dominated phase is correctly reproduced by the model with β0 = 1 but not
by the model with β0 = 0.1.
ϕ0ϕNP 2 2.5 3
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0.6
0.8
1.0
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1.4
Cosmological parametersβ(ϕ)=β0 /(ϕ logϕ ), β0=0.1
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Figure A.5: Evolution of the cosmological parameters Ωm and Ωφ for the inverse logarithmic class
with β0 = 0.1 (left) and β0 = 1 (right).
Finally, in Fig. A.6 we show the evolution of the equation-of-state parameter for
different values of β0. As expected 1 + wφ always approaches zero in the infinite
future.
A.3 Power-law class.
In this section we consider the case β(φ) = γ where γ is a constant. As explained
in Sec. 2.1 (in particular in the footnote 12), this case is different from the other
cases considered in this work as it does not lead to an asymptotic dS solution but
rather to an asymptotic power-law solution. Another main difference is that as β
is exactly constant, after imposing the condition set by Eq. (3.24) we are not left
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Equation of state parameterβ(ϕ)=β0 /(ϕ logϕ )
β0=0.1β0=0.5β0=1β0=2β0=5
Figure A.6: Evolution of the equation-of-state parameter wφ versus the redshift z in the inverse
logarithmic class for different values of β0.
with any free parameter26 and the evolution is completely specified! Moreover, as
β is never becoming of order one, there is no natural definition for a value of φNP
where the perturbative expansion of β(φ) breaks. In the following we simply stop
the evolution at a value of φ such that we are deep in the matter dominated phase
(i.e. when Ωm  Ωφ). For simplicity and without loss of generality in the following
we set φ0 = 0.
As usual we start by presenting, in Fig. A.4, the plots of the evolution of the
quintessence potential for different values of γ. For all these models, the shape
of V clearly reflects the transition from matter to quintessence. Moreover, as we
have set φ0 = 0, this transition is always consistently occurring at negative values
of φ.
-0.5 0.0 0.5 1.0 1.5 2.0 ϕ (mp)
1. ×10 -119
1. ×10 -114
1. ×10 -109
1. ×10 -104V(ϕ) (mp4)
Quintessence potentialβ(ϕ)=γ
γ=0.001γ=0.01γ=0.1
Figure A.7: Evolution of the quintessence potential in the power-law class for different choices of
γ.
26In the following we consider some values of γ that, while predicting a value of wφ0 which
slightly different from the usual −0.98 used in this paper, are still in good agreement with the
constraints due to cosmological observations [1, 47].
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In Fig. A.8, we present the evolution of the cosmological parameters for γ = 0.001
(left plot) and for γ = 0.1 (right). As it is possible from this figure, the matter
dominated phase is correctly reproduced for all these models.
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Figure A.8: Evolution of the cosmological parameters in the power-law fractional class for γ = 0.001
(left) and γ = 0.1 (right).
In Fig. A.9 we show the evolution of the equation of state parameter. In this
plot we have also shown (red-dashed line) the evolution for the model which gives
wφ0 = −0.98. Notice that in the infinite future all these models consistently predict
a nearly constant value for 1 + wφ which as expected is 1 + wφ ' γ2/3.
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Figure A.9: Evolution of the equation-of-state parameter wφ versus the redshift z in the power-law
class for different values of γ in linear (left) and logarithmic scale (right).
B Jordan frame metric.
In this appendix we show that, as discussed by Esposito-Farese and Polarski in [22],
it is possible to set the metric to be a flat FLRW metric both in the Jordan and in
the Einstein frame. If the Einstein frame metric is a flat FLRW, then the metric in
the Jordan frame is of the form:
ds2J = −Ω−1(φ)dt2 + Ω−1(φ)a2(t)dx2 . (B.1)
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The Einstein equations obtained by varying the action of Eq. (4.1) with respect to
g˜µν then read:
Ω(φ)G˜µν = T˜
(φ)
µν + T˜
(m)
µν , (B.2)
where T˜
(φ)
µν and T˜
(m)
µν are respectively given by:
T˜ (φ)µν = ∂µφ∂νφ− g˜µν
(
1
2
g˜αβ∂αφ∂βφ+ V (φ)
)
, (B.3)
T˜ (m)µν = ∂µψ∂νψ − g˜µν
(
1
2
g˜αβ∂αψ∂βψ + U(ψ)
)
, (B.4)
so that the only non-zero components of the energy-momentum tensors are:
T˜
(φ)
00 =
φ˙2
2
+
V
Ω(φ)
, T˜
(φ)
ij = a
2(t)δij
(
φ˙2
2
− V
Ω(φ)
)
, (B.5)
T˜
(m)
00 =
ψ˙2
2
+
U
Ω(φ)
, T˜
(m)
ij = a
2(t)δij
(
ψ˙2
2
− U
Ω(φ)
)
. (B.6)
At this point we can proceed by introducing a new time coordinate τ and by defining
the scale factor a¯(τ) such that the line element reads:
ds2J = −dτ 2 + a¯2(τ)dx2 , (B.7)
which implies dτ ≡ Ω−1/2dt and a¯(τ) ≡ Ω−1/2a(t). Under this change of coordinates
the stress-energy tensors transform as:
T˜ (i)µν −→ T˜
′(i)
µν =
∂xα
∂x′µ
∂xβ
∂x′ν
T˜
(i)
αβ . (B.8)
Hence:
T˜
′(i)
00 =
∂xα
∂τ
∂xβ
∂τ
T˜
(i)
αβ =
(
∂t
∂τ
)2
T˜
(i)
00 +
∂xi
∂τ
∂xj
∂τ
T˜
(i)
ij =
(
∂t
∂τ
)2
T˜
(i)
00 = Ω(φ)T˜
(i)
00 ,
(B.9)
T˜
′(i)
ij =
∂xα
∂xi
∂xβ
∂xj
T˜
(i)
αβ =
∂τ
∂xi
∂τ
∂xj
T˜
(i)
00 +
∂xk
∂xi
∂xl
∂xj
T˜
(i)
kl = δ
k
i δ
l
jT˜
(i)
kl = T˜
(i)
ij , (B.10)
where we used the fact that, by definition, ∂τ/∂xi = 0, ∂xi/∂τ = 0. Finally, we
obtain:
T˜
′(φ)
00 = Ω(φ)
(
φ˙2
2
+
V
Ω(φ)
)
=
(φ′)2
2
+ V , (B.11)
T˜
′(φ)
ij = a
2(t)δij
(
φ˙2
2
− V
f(φ)
)
= a¯2(τ)δij
(
(φ′)2
2
− V
)
, (B.12)
T˜
′(m)
00 =
(ψ′)2
2
+ U , (B.13)
T˜
′(m)
ij = a¯
2(τ)
(
(ψ′)2
2
− U
)
, (B.14)
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in which we used y˙(t) = Ω−1/2y′(τ). These equations show the energy-momentum
tensors for φ and ψ assume the perfect-fluid form in terms of the new variables
τ, a¯(τ). Therefore, focusing on the matter energy-momentum tensor, both T˜
′(m)
µν in
the Jordan frame and T
(m)
µν in the Einstein frame can be modeled as
T˜
′(m)
µν = (ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν , (B.15)
T (m)µν = (ρm + pm)uµuν + pmgµν , (B.16)
with ui = u˜i = 0. From the definition of T
(m)
µν , we derive the relation between the
two tensors:
T (m)µν = −
2√−g
δSm
δgµν
= − 2
Ω2(φ)
√−g˜
δSm
δg˜αβ
δg˜αβ
δgµν
,
=
1
Ω2(φ)
T˜
′(m)
αβ · Ω(φ)δαµδβν ,
= Ω−1(φ)T˜
′(m)
µν . (B.17)
Then, from eqs. (B.15) and (B.16) we obtain
(ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν = Ω(φ) [(ρm + pm)uµuν + pgµν ] . (B.18)
Using the relation between the time coordinates t and τ it is possible to show that
u0 = Ω
1/2(φ)u˜0, and hence
uµuν = Ω(φ)u˜µu˜ν , (B.19)
which inserted in eq. (B.18) leads to
(ρ˜m + p˜m)u˜µu˜ν + p˜mg˜µν = Ω
2(φ) [(ρm + pm)u˜µu˜ν + pmg˜µν ] . (B.20)
We have thus,
ρm = Ω
−2(φ)ρ˜m, pm = Ω−2(φ)p˜m, (B.21)
or, introducing the function A(ϕ) ≡ Ω−1/2(φ(ϕ)),
ρm = A
4(ϕ)ρ˜m, pm = A
4(ϕ)p˜m, (B.22)
which are exactly equal to the ones derived in [22].
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